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Abstract. This work proposes the computational method for the construction of the stress field in the 
deformation region in a converging channel. The stress components are assumed to satisfy Mohr-
Coulomb yield criteria under plane strain condition. The governing equation for the model is the first-
order partial differential equation, which is the stress equilibrium equations. The deformation region is 
made up of the union of adjacent elementary boundary value problem and solved numerically. The 
region is constructed by using Matlab, and it shows the formation of the two symmetrical deformation 
region at both upper and lower part of the converging channel. From the computation, we obtained the 
stress variables and the velocity distribution in the deformation region. The work rate for the 
corresponding velocity was calculated, then it is shown that the solutions are physically significant since 
the condition of the work rate is everywhere positive. This method is of great interest as it will bring 
about an increase in efficiency and hence improvement in industrial productivity, especially in 
designing granular flow device. The technique is also an alternative for the solution of the deformation 
problems as it is simple and more reliable. 
1. Introduction 
Granular materials can be found across a wide range of scales for example, in the kitchen, we have 
sugar, salt, cereals, in geophysics, we found sand, gravel, as well as, asteroids in astrophysics, [1]. 
Storage, handling, and processing of granular materials are procedures required in numerous industries 
and are of interest to various branches of science and technology such as physics, chemistry, mechanics, 
agriculture, and engineering. The agriculture and food industry are, next to chemical, power, and 
pharmaceutical industries, the largest producers and users of granular materials.  
It is not easy to figure out the micro-mechanical behaviour of granular flow, they exhibit complex 
behaviour. They cannot be classified as the properties of solids, liquid or gases. The equipment for 
storage and processing of granular materials should meet two necessary conditions, which are 
predictable and safe operations and high quality of finished products. A precise knowledge of how they 
behave under these circumstances is essential for the efficient design and application of related 
industries. Their behaviour is like a new form state besides those three properties. The mathematical 
modelling for these materials is very complex due to their mechanical behaviour. For example, when 
one adds wheat, sugar, grains, cement, or sand and gravels, the fact that all these materials need to be 
transported and stored, the importance of granular materials become self-evident. Granular materials 
usually stored in hoppers or bins. Some agricultural hoppers that contain, for example, grains, can 
measure up to 20m in diameter and 60m height. The predictions of the stress distributions and the flow 
patterns throughout the hopper are exceptionally very important. The stresses can be so significant, and 
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the flow pattern can be so complicated, which can cause the hoppers to collapse or destroyed. Although 
there are many industrial applications, this field still requires more accurate scientific analysis to control 
loss in production, extra labour and inefficient use of capital. In many situations, we need considerable 
improvement in the flow of granular materials. 
The theory of granular flow is the most interesting and intensively developing fields of mechanics 
because of its wide area of applications, especially in manufacturing process. Extrusion is one of the 
most widely used in manufacturing process for making a wide range of products, especially in food 
manufacturing process [2]. Extrusion is the process of forcing the material to flow through the various 
shape of dies forming various shapes of the product as shown in figure 1. Food manufacturing industry 
use extrusion technology in the production of cereal-based food, pasta, pet foods, etc. [3]. 
In this paper, we applied the numerical solution method in [4] to construct the deformation region in 
the converging channel. The solution method is based on the double-slip and double-spin model given 
by [5-6]. The deformational response to loading is assumed to be planar and rigid-plastic and the flow 
occurs at each point in the deformation region of two simultaneous shears. The material flows through 




Figure 1. Flow through a converging channel. 
2. The governing equation 


















with Mohr Coulomb yield criterion 
𝜏 = 𝑐 − 𝜎𝑛 𝑡𝑎𝑛 𝜙 (3) 
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where c and 𝜙 are material constants that represent cohesion and internal friction. From equation (1) 





= tan[𝜓 ∓ (
𝜋 + 2𝜙
4
)]    (4) 
  
















Along the wedge, the coordinates (𝑥𝑛, 𝑦𝑛), (𝑥𝑛−1, 𝑦𝑛−1) and stress variables (𝑝𝑛, 𝜓𝑛),  (𝑝𝑛−1, 𝜓𝑛−1) are 
known. Thus from equation (4), the approximated solution at a point 1 1,n nx y  are given by  
 
𝑥𝑛+1 =
𝑥𝑛 tan[𝜓𝛽 + (
𝜋 + 2𝜙
4 )] − 𝑥𝑛−1 tan[𝜓𝛼 − (
𝜋 + 2𝜙












(𝑥𝑛 − 𝑥𝑛−1) tan[𝜓𝛽 + (
𝜋 + 2𝜙
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)] tan[𝜓𝛼 − (
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)] − 𝑦𝑛−1 tan[𝜓𝛼 − (
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(𝜓𝑛 + 𝜓𝑛+1) along  -characteristic (8) 
 
And the  solution for stress variables 𝑝𝑛+1 and 𝜓𝑛+1 can be defined by, 
 
𝜓𝑛+1 =









                                                                                                          




(𝑝𝑛−1 + 𝑝𝑛+1) sin 𝜙 + 𝑐 cos 𝜙 
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3. The construction of deformation region 
We assumed that there is no friction between the granular material and the wall, so that all characteristic 
lines meet the die face at  (𝜋 + 2∅ )/4  at point 𝐴 and 𝐵 as in figure 2. In this case, the velocity and the 
stress fields do not vary with time and the parts of the material which are far from the die are assumed 
to be undeformed. 
 
 
Figure 2. Deformation region in converging channel. 
The punch surface AB of the container with semi angle 𝛾 = 30° is divided into (𝑛 − 1) equal length 
segments and each point is labelled (1,1), (2,1), … , (𝑛, 1). The coordinates (𝑥, 𝑦) and the stress 
variables,  (𝑝, 𝜓) of each point on the punch surface AB are known, then the stress characteristic field 
in the region ABC is obtained from equations (7) − (12) where the line AC is an 𝛼 −characteristic line 
and line 𝐴𝐵 is the 𝛽 −characteristic line. Both lines AC and BC are straight. Since the zone of plastically 
deforming material must extend through the channel, the point F lies on the centerline, so that it is 
common to the two plastic regions spreading symmetrically from the opposite side of the channel wall.  
Then, we constructed two centered fan field regions ACD and BCE at two singular points A and B, 






+ 𝜃5 − 𝛾, from 
Hencky’s first theorem [8], the angles 𝐷𝐴𝐶 = 𝜃4 and 𝐶𝐵𝐸 = 𝜃5 must satisfy the relation 
 
𝜃5 − 𝜃4 = γ. (13) 
From the relation (13), let 
𝜃4 = 30° (14) 
as an initial guess. Therefore, we have  
𝜃5 = 𝛾 + 𝜃4 = 60°. (15) 
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From all known initials and stress variables, we constructed two centered fan region ACD and BCE 
similarly constructed by [9]. As a result, the intersection of two known characteristic lines, an 
𝛼 −characteristic line and the 𝛽 −characteristic line at point C led to the determination of the stress field 
in the region DCEF.  
Then, by using the equations (7) − (12), the stress distribution field in the region DCEF is 
determined. The plastic field in the channel now fully constructed as shown in figure 2. The 
𝜓 distribution for the upper half of the channel is shown in figure 3. At point F, the value of 𝜓𝐹 is equal 
to zero, and the characteristic line at point F must be inclined at 60° to the centerline. 
 
 
Figure 3. 𝝍 distribution in the converging channel. 
Since we have determined the network of the characteristic lines and the stress distribution in the 
converging channel, we now proceed to define the corresponding velocity distribution. We began our 
calculation by determining the velocity distribution for region DCEF. Since the left side of the material, 
ADF moves as a rigid body, the normal component of velocity, 𝜐𝛽 is constant along the straight 
characteristic line AD. Similarly, the normal component of velocity, 𝜐𝛼  along the straight characteristic 
line, BE is constant. The normal component velocity, 𝜐𝛽 and 𝜐𝛼 are known on the 𝛼 −characteristic line 
ADF and 𝛽 −characteristic line BEF respectively.  
As an initial guess, at the characteristic line ADF, 
𝜐𝑥 = 1, 𝜐𝑦 = 0  (16) 
Since we have 
𝜐𝛼 cos 𝜙 = 𝜐𝑥 sin(𝜓 + 𝜀) − 𝜐𝑦 cos(𝜓 + 𝜀)  (17) 
 
𝜐𝛽 cos 𝜙 = −𝜐𝑥 sin(𝜓 − 𝜀) + 𝜐𝑦 cos(𝜓 − 𝜀)  (18) 
 
then, we obtained 
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sin(𝜓 − 𝜀)  
(20) 




sin(𝜓 + 𝜀)  (21) 
𝜐𝛽 = 0  (22) 
From the relation (16) − (22) on the characteristic line 𝐷𝐹 and 𝐸𝐹, we determined the velocity 
distribution in region DCEF, which gives the solution on CD and CE. 
Now, by using the solution obtained on CD and CE together with the known components on AD 
and BE as the initial values, we determine the velocity distributions for both regions ADC and BCE. The 
solutions obtained on AC and BC line were then defined as the initial values to determine the velocity 
distribution in the region ABC. Since AC is a straight line, the velocity obtained in the region ABC is 
uniform and parallel to the die face. The velocity distribution in the plastic region for the upper half of 
the channel is shown in figure 4. 
 
 
Figure 4. Velocity distribution in converging channel. 
4. Results and Discussion 
From the solution of the stress distribution field in the deformation region, we extended the numerical 
step to define the velocity distribution field by assuming that the characteristic lines for the stress 
coincide with the velocity characteristic lines. The numerical approximation to the solution has 
demonstrated some exciting features. By using the numerical method for the model, we have constructed 
the stress and velocity distribution field in the entire plastic region for the extrusion problem that has 
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not been previously solved for granular materials. It is shown that these solutions are physically 
significant since the condition that the work-rate be everywhere positive is satisfied. 
In conclusion, the computational algorithm is useful to approximation to the solutions the 
deformation and flow of granular materials have and give beneficial insight into the flow of granular 
materials. A wide range of flow problems can now be successfully solved using the computer program. 
This algorithm can now be generalized to granular materials problems for many technical issues and 
structures, such as in transportation and storage. 
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